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The notion of time is given a different footing in Quantum Mechanics and General Relativity,
treated as a parameter in the former and being an observer dependent property in the later. From
a operational point of view time is simply the correlation between a system and a clock, where
an idealized clock can be modelled as a two level systems. We investigate the dynamics of clocks
interacting gravitationally by treating the gravitational interaction as a classical information channel.
In particular, we focus on the decoherence rates and temporal resolution of arrays of N clocks
showing how the minimum dephasing rate scales with N , and the spatial configuration. Furthermore,
we consider the gravitational redshift between a clock and massive particle and show that a classical
channel model of gravity predicts a finite dephasing rate from the non-local interaction. In our
model we obtain a fundamental limitation in time accuracy that is intrinsic to each clock.
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Introduction — Despite the success of General Rela-
tivity (GR) and Quantum Mechanics (QM) to describe
nature at large and small scales respectively there is still
an open question as to what the interplay is between
these two theories. This question becomes fundamental
when treating the nature of time operationally, specifi-
cally when considering how an observer measures time
in GR and QM. Operationally, a clock is a reference and
the notion of time emerges as a correlation between the
clock and a system [1, 2]. Even with a fundamental flow
of time, any observer limited to only measurements of
quantum systems will not be able to access this funda-
mental flow [3] with zero uncertainty.
Recently, Castro et.al. [4] proposed a physically mo-
tivated quantum mechanism that produces fundamental
uncertainty in measurements of coupled two level systems
(clocks). The key idea in their model is that the mass
energy equivalence in quantum clocks leads to a New-
tonian coupling between them. This interaction entan-
gles the clock states, and therefore a measurement of any
single clock necessarily decoheres distant clocks, limiting
the temporal resolution of distant observers. In this case
the decoherence is entirely a consequence of mass energy
equivalence with unitary quantum mechanics, similar to
Ref. [5]. In this letter we take a different approach by
treating the gravitational interaction between clocks in
the context of classical channel gravity (CCG): a recent
proposal that treats gravity as a fundamentally classical
interaction [6]. This model describes the gravitational in-
teraction between quantum systems and results in noisy
dynamics with decoherence rates similar those predicted
by Dio´si [7, 8] and Penrose [9]. The unitary quantum in-
teraction considered in Ref. [4] is replaced by the master
equation derived in Ref. [6], resulting in non-unitary dy-
namics for all particles that interact gravitationally. We
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will show that the key difference between the two propos-
als resides in the ability of the gravitational interaction
to entangle the clocks: in Ref. [4] the decoherence is a re-
sult of tracing out parts of an entangled state generated
by standard unitary quantum mechanics, whereas in our
model the decoherence is a consequence of the postulated
quantum-classical interaction. Consequently, the limited
temporal resolution is fundamental to each clock and we
will discuss this in the context of operational time. There
are several proposals to probe relativistic behaviour of
quantum mechanics in the lab [5, 10–12], which focus
on including standard principles of relativity within the
framework of quantum mechanics. However, since CCG
is fundamentally a modification of the equations of mo-
tion for quantum systems interacting gravitationally, we
focus on potentially detectable deviations from standard
quantum mechanics [13, 14] in a post-Newtonian regime
– by allowing energy-mass equivalence.
This letter is organized as follows. Firstly we show
that the master equation derived in CCG results in a
fundamental phase diffusion for spin 12 systems, and the
coherence time — inverse dephasing rate — is given
by the gravitational interaction rate. We then extend
the model to consider multiple spin 12 systems, and
characterize how the dephasing rate depends on the
number of clocks, as well as their geometric arrangement
comparing our results with current experiments. Finally
we show that CCG implies a non-zero dephasing in spin
1
2 clocks from earth’s gravitational field. We conclude
with a discussion of the implications of our model and
its testability.
Coupled clocks — In the following we consider a two
level system clock with its spin processing around the z-
axes of the Bloch sphere [15]. The free clock Hamiltonian
is H = ~ωσz where ω is the clock frequency and σz is the
Pauli-z matrix. From Einstein’s mass energy equivalence
the clock has an effective mass m = m0 +H/c
2 where m0
is the rest mass of the clock and c the speed of light. Note
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2that this mass operator does not violate Bargmann’s su-
per selection rules [16, 17], and is in a similar spirit to
Refs. [18, 19]. From the quantum correction to the mass,
two clocks with rest masses m1 and m2, separated by a
distance d12 experience a Newtonian interaction
HI =−Gm1m2
d12
− G~
d12c2
(
m2ω1σ
(1)
z +m1ω2σ
(2)
z
)
−G~
2ω1ω2
d12c4
σ(1)z σ
(2)
z , (1)
that couples their internal energy states. The first term
in Eq. (1) is a constant potential, and the second term
is the gravitational redshift on clock 1 (clock 2) from
the rest mass of clock 2 (clock 1) which can be absorbed
into the frequencies ω1,(2) and therefore both terms are
neglected. The last term is a coherent quantum inter-
action between the clocks that arises from the mass en-
ergy equivalence. We now examine this non-local gravi-
tational interaction as if it were mediated by a classical
information channel. That is, only classical information
can be exchanged between the two separated quantum
systems in a way that preserves the interaction Hamil-
tonian. Kafri et.al. [6] constructed the classical channel
model where the Newtonian gravitational interaction be-
tween two quantum observables xˆ and yˆ emerge as a mea-
surement and feedback process. The operators xˆ and yˆ
are both measured with results x¯ and y¯ respectively [20],
and a feedback control Hamiltonian Hfb = ~g(x¯yˆ + xˆy¯)
replaces the unitary evolution generated by HI = ~gxˆyˆ.
The net result of this process is to preserve the sys-
tematic dynamics generated by the interaction Hamil-
tonian HI [21]. However, the measurement and feed-
back process leads to dissipative evolution that cannot
be avoided. This interaction is explicitly a local oper-
ation and classical communication (LOCC) process and
therefore cannot lead to entanglement[22, 23]. However,
note that non-local entanglement is still possible through
other quantum interactions present in the system such us
the Coulomb interaction. Even though CCG can be con-
sidered in the framework of quantum measurement and
control, this is only a convenient mathematical tool to
derive a master equation, and CCG does not require the
existence of an agent to perform any such measurements
or feedback: the decoherence is a natural consequence
of coupling quantum and classical degrees of freedom as
considered in [24, 25], without violating quantum state
positivity and Heisenberg’s uncertainty principle [26, 27].
However, for convenience we adopt the language of quan-
tum control throughout this paper.
The natural measurement basis for the coupled clock sys-
tem in CCG is the σz basis and following the derivation
in [6], we find the master equation that describes the
interaction in Eq. (1) in CCG is
ρ˙=− i
~
[H0 + ~g12σ(1)z σ(2)z , ρ]−
(
Γ1
2
+
g212
8Γ2
)
[σ(1)z , [σ
(1)
z , ρ]]
−
(
Γ2
2
+
g212
8Γ1
)
[σ(2)z , [σ
(2)
z , ρ]] , (2)
where g12 =
G~ω1ω2
d12c4
is the Newtonian interaction rate,
Γi is the measurement rate of the i
th clock, and ρ is the
density matrix. The factor g212 in the decoherence rate is
due to the feedback from clock 1 onto clock 2 (and visa
versa), and is required to get the correct magnitude of
the σ
(1)
z σ
(2)
z interaction. The double commutator term
in Eq. (2) prevents entanglement of the clocks thought
the σz − σz interaction and leads to phase diffusion in
the σz basis at a rate 2g12 [21]. This phase diffusion
induces a fundamental limit on the time resolution of
each clock that can not be avoided. Note that pure
unitary evolution under the Hamiltonian in Eq. (1) will
also result in apparent dephasing if only a single clock is
measured. Indeed this is exactly the type of decoherence
considered in Ref. [4]. However, measurements of the
full bipartite system will be able to show violations of
a Bell inequality as the apparent decoherence is due
to the two clocks becoming maximally entangled, and
therefore the dephasing on a single clock is a second
order (in time) effect [28, 29]. In contrast, CCG results
in first order (in time) dephasing, and the entanglement
forbidding LOCC nature of CCG means that Bell
inequalities will always be satisfied. This difference
between quantum and classical interactions, and the 1/d
scaling of the dephasing rate may be used to distinguish
CCG dephasing from other sources of quantum noise.
For two clocks of equal frequency, where one would
expect the measurement rates to be equal by symmetry,
the dephasing rate is minimized when Γ1 = Γ2 = g12/2;
for petahertz clocks (ω1 = ω2 = 2pi × 1015 Hz) as used
in [30, 31] separated by 300 nm, the dephasing rate is
g12/2 ≈ 10−42 Hz. Such a small rate would require a
clock with fractional uncertainty below 10−57 to observe,
and therefore cannot be ruled out by current state of
the art atomic and ion clocks which have achieved a
fractional uncertainty of 10−18 [30, 32, 33].
Multiparticle interaction — We now extend the analy-
sis to N interacting clocks, and we investigate the en-
hancement of the dephasing rate due to the multiple
(order N2 − N) interactions. Before preceding we have
to consider how information propagates in the classical
channel model. There are two possibilities of informa-
tion propagation; pairwise measurement and feedback,
Fig.1(left), or single measurement with global feedback,
Fig.1(right). Note that both of these models are equiv-
alent for N = 2 clocks and hence were not discussed in
Ref. [6]. The dissipative evolution of the master equation
for the pairwise measurement and feedback is
ρ˙ = −
∑
i
∑
j 6=i
(
Γij
2
+
g2ij
8Γji
)
[σ(i)z , [σ
(i)
z , ρ]] (3)
where gij = gji =
G~ωiωj
dijc4
is the interaction rate between
clocks i and j and Γij > 0 is the decoherence (dephas-
ing) rate from the measurement of clock i to generate
the interaction between clocks i and j. Note that Γij is
related to the measurement strength, with Γij = 0 corre-
sponding to no measurement and Γij → ∞ corresponds
to projective measurement of σz. For the moment each
of the Γij ’s are still free parameters; later we show that
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FIG. 1. Different interpretations of the classical channel struc-
ture in CCG. We have shown only the measurements of a sin-
gle clock for simplicity, but it is understood that each clock is
treated equally. (left) A unique channel between each of the
pairwise coupled quantum degrees of freedom as considered
in [34]. (right) A single channel used for each particle used
for global feedback on all other particles [35].
there is a non-zero set of Γij ’s that minimize the deco-
herence, and thus the minimum decoherence rate has no
free parameters. The decoherence terms in Eq. (3) can
be intuitively understood. Each clock is measured N − 1
times, and each of these measurements are used to ap-
ply a independent feedback on the other N − 1 clocks
in the system. The measurements therefore contribute
to a total dephasing rate of
∑
j 6=i Γij/2 on the i
th clock.
The
∑
j 6=i g
2
ij/8Γji term for the i
th clock is from the feed-
back of the N − 1 noisy measurements form each of the
other clocks in the system. Note that similar to the two
clocks case, the presence of g2ij in the feedback term is
necessary in order to recover the correct magnitude of
the systematic gravitational interaction.
In contrast to the pairwise measurement and feedback,
the global feedback only requires a single measurement
of the ith clock (single dephasing rate Γi), and the single
measurement result is used to apply feedback on each of
the other N − 1 clocks. For global feedback, the dissipa-
tive evolution is given by
ρ˙ = −
∑
i
Γi
2
+
∑
j 6=i
g2ij
8Γj
 [σ(i)z , [σ(i)z , ρ]]. (4)
The dependence of gij (which in turn depends on dij)
in the dephasing rate of Eq. (3) and Eq. (4) means that
the dephasing rate of the ith clock depends on the spatial
arrangement of the other N − 1 clocks.
We consider N  1 clocks in 1, 2 and 3D lattice con-
figurations with a lattice constant Lc. In this case we
can find the minimum dephasing rate on a single clock
(see Appendix). Our results are presented in the sec-
ond column of Table I. Note that there are two different
scenarios we can consider for minimization. The first
one (case A) is a pairwise minimization: the rate Γij de-
pends only on the separation between the clocks i and j,
and the minimization is taken before including it in the
general master equation. The second scenario (case B)
minimizes the total noise in the master equation. One
can estimate the scaling of these rates by assuming that
Lc is small compared to the macroscopic length scale, R,
of the lattice, Lc  R. In this case, the summations in
Table I are well approximated by an integral expression,
Eq. (A7), for N  1. Note that the integral approach
only differs from the analytical sum by a factor of or-
SCENARIO SCALING
A.i Pairwise (1D) log(N)
Dpw(i) = G~ω22c4
∑
j 6=i d
−1
ij (2D)
√
N
(3D) N2/3
A.ii Global (1D)
√
1− 2/N
Dgl(i) = G~ω22c4
√∑
j 6=i d
−2
ij (2D)
√
log(N)
(3D) N1/6
B.i Pairwise (1D)
√
N
Gpw(i) = G~ω2
√
N−1
2c4
√∑
j 6=i d
−2
ij (2D)
√
N log(N)
(3D) N2/3
TABLE I. MINIMUM DEPHASING RATES. The first col-
umn presents our results on minimization for the cases where
Γij is pairwise defined (case A) and it is a fundamental con-
stant (case B) as outlined in the Appendix. The second col-
umn shows the scaling with the number of clocks in the array
for different dimensions, assuming N  1 by using Eq. (A7).
The coefficient of the scaling is G~ω2/(2Lcc4), where Lc is
the characteristic separation between adjacent clocks in the
lattice.
der one. We show how the dephasing rate depends on
N in the last column of Table I. With the current ex-
periments (N = 106, Lc ≈ 800 nm [36]) we compute a
dephasing rate of order 10−40Hz (similar for all arrange-
ments). Note that in order to have a dephasing of the
order of mHz, which can be detected in the lab, we need
to have either a large number of clocks or small sepa-
ration between them. For example, as considered in [4]
taking N = 1023, Lc = 1 fm, and a 10 GeV clock tran-
sition (1026 Hz), results in a dephasing rate of order 1
Hz. Note however, the ∼ 1 Hz dephasing rate here in-
cludes the spatial distribution of the clocks, whereas the
the dephasing rate quoted in [4] assumed a 1 fm distance
between each of the 1023 clocks. More realistically, we
consider the Mo¨ssbauer effect in 109mAg [37] which has
a transition frequency of 8 × 105 THz and a linewidth
of 10 mHz, with adjacent atoms separated by ≈ 1 A˚.
Using these parameters, CCG would predict a minimum
γ-ray line width of 0.01 nHz per 100 g (1 mole) of 109mAg,
far below current experimental precision. To observe the
linewidth at the order of mHz, would require N ≈ 1036
atoms, or 1012 kg of metallic silver.
Clocks in earths gravitational field — In the previous
sections we were only concerned with energy-energy cou-
pling between spatially separated clocks. However, the
gravitational redshift is a relativistic effect that has been
detected in quantum systems [32, 38], and therefore is
a promising candidate to study the decoherence effects
predicted by CCG. Again from the mass energy equiva-
lence, a trapped two level system with position operator
x will interact with any nearby object of mass m, and
4position operator X via the Newtonian interaction
HI = −~ Gmωσz
c2|X − x|
≈ −~Gmω
c2|d| σz + ~
Gmω
c2d2
σz(δX − δx) (5)
where δx and δX are deviations about the mean separa-
tion d between the clock and the mass1. The first term
is the mean redshift on the clock from the presence of
the rest mass, and the second term is the lowest order
Newtonian interaction between the quantum degrees of
freedom. The σzδx is a local interaction between the ex-
ternal and internal degrees of freedom of a single particle
and therefore does not need to be mediated by a classi-
cal information channel. The σzδX term however, is a
non-local interaction and is replaced by an effective mea-
surement and feedback process in CCG. In the following
we consider the dephasing of a single clock from treating
the nearby mass as both a composite and simple parti-
cle, where the simple particle case is just the N = 1 limit
of the composite particle description. For the compos-
ite particle description, we treat each constituent atom
as individual point particle contributing to the redshift.
The dissipative part of the CCG evolution is
ρ˙diss =−
∑
i
(
Γi
2
+
g2i
8Γz
)
[δXi, [δXi, ρ]]
−
(
Γz
2
+
∑
i
g2i
8Γi
)
[σz, [σz, ρ]] (6)
where Γi is now the decoherence from the measurement
of the position of the ith atom, Γz is the decoherence
due to measurement of the clock, and gi =
Gmiω
c2d2i
is the
energy-position interaction between the clock and the ith
atom of mass mi and has units of in Hz m
−1. Here we
have assumed the single measurement-global feedback in-
terpretation of the model - figure 1 (right) - which was
shown previously to result in a lower bound for the mini-
mum decoherence rate. The double commutator in posi-
tion leads to momentum diffusion (heating) of each atom,
an effect that is investigated in [34, 35]. This heating is
not unique to CCG, and has been predicted in continuous
spontaneous localization models [14, 39, 40] and stochas-
tic extensions to the Schrodinger-Newton equation [41].
Eq. (6) shows that CCG predicts a non-zero dephasing
rate that accompanies the redshift, and a finite heating
rate to nearby massive particles.
As gi scales as 1/d
2, the dephasing due to the g2i term in
Eq. (6) scales as 1/d4, meaning that only the closest par-
ticles to the clock significantly contribute to the dephas-
ing rate. This is easily seen by considering a macroscopic
homogenous body of N atoms of equal mass mi = m
(for example a single species atomic crystal) close to the
1 Note that we have not included the δXδx term considered by
Ref. [6]. This term is present but appears at sub-leading orders
in this description.
clock. For such a macroscopic object, one would expect
by symmetry the measurement rate of each atom to be
identical, Γi = Γ. By considering gravitational inter-
actions between neighboring atoms we use the result of
Ref. [6] and find Γ = Gm2/~L3c where Lc is now the char-
acteristic separation between adjacent atoms (e.g. lattice
constant for a crystal). In this case we can use Eq. (A7)
to express the dephasing rate as an integral over the vol-
ume V of the macroscopic object,
G~L3cω2
8c4
∑
i
1
d4i
≈ G~L
3
cω
2
8c4
∫
V
dV
L3c |r − r0|4
(7)
where r0 is the mean location of the clock, and we have
used Γ = Gm2/~L3c . Note that the integral must con-
verge as the point r = r0 cannot be in V . This integral
is non-trivial for a spherical body, nevertheless there is
some intuition to be gained by considering a shell of mass
centered around the clock even though there is no net
redshift at the center of a mass shell. For a shell with
inner radius l, outer radius L, the dephasing rate due to
the redshift is given by,
D = Γz
2
+
piG~ω2
2c4
(l−1 − L−1). (8)
Form this expression we see that it is only close by masses
in a thick (L  l) shell that significantly contribute to
the dephasing rate. Thus in a laboratory experiment, the
dephasing will be dominated by the immediate environ-
ment of the clock, even though all particles contribute to
the systematic redshift.
Alternatively, the macroscopic particle could be
treated as a single degree of freedom; the dephasing on
the clock is then simply given by Eq. (6) with a single
term in the sum,
D = Γz
2
+
G2M2ω2
8c4d4Γi
(9)
where M = Nm is the total mass of the macroscopic
object with a single measurement rate Γi. For M the
mass of the earth and d as the mean separation between
the earths and clocks center of mass, we can use atomic
clock experiments [30, 33] to bound Γi > 10 Hz m
−2 and
Γz < 0.1 mHz. These bounds are set as such experiments
have not observed anomalous dephasing. From this
result we conclude that any dephasing from a classical
channel model of gravity would not be identifiable in any
gravitational redshift measurements, and despite their
precision, quantum clocks are not a desirable system to
observe consequences of CCG.
Conclusions — The Classical Channel Gravity model
proposes that the gravitational interaction between quan-
tum systems is mediated by a classical information chan-
nel that forbids entanglement of distant particles through
gravity. It has also been shown to result in decoherence
that is similar to that predicted by the models of Diosi
and Penrose. In this work we have studied the conse-
quences of this model when treating time operationally,
this is by using two level systems as idealized clocks than
5an observer must use in order to define the rate of exter-
nal dynamics. Two such clocks will couple gravitation-
ally and in the Newtonian limit this can be understood
from mass energy equivalence. In this context we de-
rive the rate at which they will decohere under CCG,
and show that the minimum rate is fixed by the post-
Newtonian interaction. We have also extended this anal-
ysis to optical lattice clocks in one, two and three spa-
tial dimensions, computing how the minimum dephas-
ing rate scales as the number of independent two level
systems in the lattice. Finally we have studied a clock
coupled to the earth’s gravitational field and analyzed in
detail the position-spin interaction in the context of the
CCG model. However, due to the asymmetry between
the mass-clock system we were not able to meaningfully
minimize the dephasing rate. Nevertheless, we showed
that the gravitational redshift must be accompanied by
some dephasing with the dominant contribution being
due to close by atoms. Although the model considered
in this work for clocks predict dephasing, the weakness
of the gravitational interaction and the sub-linear scal-
ing with the number of particles (Table I) give a pre-
diction thirty-seven orders of magnitude away from the
current experiments. However, note that the dephasing
rates computed in this work are the minimum and it
is not clear that nature will saturate this bound. This
shows that despite quantum clocks being the most pre-
cise measurement devices to date and therefore seem like
a natural candidate to look for deviations of standard
quantum mechanics, there are not the best devices to
test the CCG model.
Let us emphasize that the dephasing present in
our model is fundamental to each clock and can not
be avoided as it is a consequence of reproducing the
Newtonian force using only classical information. In
particular, the dephasing on one clock does not depend
on the quantum state of the surrounding clocks, which
is consistent with the clocks being in a separable state.
Therefore, this decoherence is to be understood as a
fundamental limit to temporal resolution for any clock
and can not be reduced by including measurements of
other clocks. For unitary evolution of a system under
the Newtonian potential, as considered in Ref. [4], the
decoherence appears as a result of entanglement of a
single clock with a global system, and if an observer has
access to the full quantum system, there is no decoher-
ence and therefore no limit to the temporal resolution.
In contrast, each clock dephasing individually in CCG
means that even access to the global quantum system is
not enough to resolve time with zero uncertainty.
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Appendix A: Dephasing Rate Minimization
The minimum dephasing rate for the multiparticle case
cannot simply be obtained by considering only a single
clock. For example the dephasing of a single clock i in
Eq. (4) can be zero for Γi → 0, and Γj 6=i →∞. However,
this would result in each of the other j 6= i clocks dephas-
ing to a maximally mixed state instantly. Therefore, the
minimization procedure must minimize each dephasing
rate simultaneously to give a physically sensible result.
We therefore minimize the sum of dephasing rates with
respect to each of the Γij ’s (or Γi’s),
d
dΓkl
∑
i
∑
j 6=i
(
Γij
2
+
g2ij
8Γji
) = 0 (A1)
or
d
dΓk
∑
i
Γi
2
+
∑
j 6=i
g2ij
8Γj
 = 0. (A2)
For the pairwise feedback, the decoherence is minimized
when Γij = Γji = gij/2, while for the global feedback the
decoherence is minimized when Γ2i =
∑
j 6=i g
2
ij/4 leading
to minimum dephasing rates of (assuming ωi = ωj = ω)
Dpw(i) = G~ω
2
2c4
∑
j 6=i
1
dij
(A3)
Dgl(i) = G~ω
2
2c4
√∑
j 6=i
d−2ij (A4)
for pairwise and global feedback respectively. Alterna-
tively, the measurement rates Γij ’s could be considered
as some fundamental measurement rate that does not de-
pend on the spatial distribution of the physical system.
In this case, each of the Γ’s lose their ij (or j) depen-
dence. Nevertheless, there is still a dephasing on the
clocks that can be bounded by current experiments. For
a fixed Γ, the minimum dephasing on the ith particle is
Gpw(i) =
√
N − 1G~ω
2
2c4
√∑
j 6=i
d−2ij (A5)
Ggl(i) = G~ω
2
2c4
√∑
j 6=i
d−2ij . (A6)
Although the dephasing from the measurement is as-
sumed to be fixed, the total dephasing rate still depends
on the local environment of the clock due to the feedback
from all other clocks. For an arbitrary spatial distribu-
tion of clocks, the summations in Dpw(i) and Dgl(i) must be
computed. However, for regular arrays of clocks the sum-
mations are well approximated by integrals and can be
solved to find the dependence on the number of clocks N ,
and spatial distribution. If we consider a regular array of
N clocks with characteristic length Lc between adjacent
clocks, the sum can be written as,
∑
j
1
dαij
≈ 1
LDc
∫
VD
dVD
rα
=
SD
LDc
∫ R
Lc
rD−1−αdr , (A7)
for a clock in the center of a D-dimensional array, e.g.
linear (1D), circular planar (2D), or spherical (3D) lat-
tices. The integral is over the macroscopic volume, (area
in 2D or line in 1D) of the array, and SD = 1, 2pi, 4pi for
linear, planar and spherical geometries respectively. The
integral is explicitly an approximation to the sum for the
ith clock in the center of an array of radius R = N1/DLc.
However, by using symmetry, clocks on the sides/edge
of an array would be expected to have the same scaling
with N (which is fixed by D− 1− α), and differ only by
a constant factor of order unity. For linear arrays in 1D
consider the following example:
∑
j 6=i
1
dij
≈
∫ −Lc
−NLLc
1
|x|
dx
a
+
∫ NRLc
Lc
1
|x|
dx
a
=
1
Lc
log(NLNR) (A8)
where NL > 1 (NR > 1) are the number of clocks to the
left (right) of the ith clock. As NL + NR + 1 = N , the
sum scales as log(N) regardless of the physical position
of the clock in the array.
